In this chapter, we describe scattering resonance phenomena in general, and focus on the mechanism of Feshbach resonances, for which a multi-channel treatment is required. We derive the dependence of the scattering phase shift on magnetic field and collision energy. From this, the scattering length and effective range coefficient can be extracted, expressions which are particularly useful for ultracold gases.
Introduction
One of the most dramatic phenomena in quantum scattering physics 1 is the occurance of resonances. They often lead to peaks in elastic cross sections as function of energy or magnetic field, but also to large increments in loss rates. There are several different types of resonance phenomena, but they all have in common that their origin lies in a nearby bound state, which is often a long-lived state with a corresponding width, and will therefore eventually decay. The resonance may also be a result of a state which is almost bound, and to separate such states from real bound states they are given the distinctive name 'virtual state'. This close connection between bound states and scattering resonances becomes apparent as bound states correspond to poles in the scattering matrix.
A shape resonance 2,3 is probably the most clear example of a scattering resonance, where a long-lived state arises within a potential barrier. Most commonly this is a centrifugal barrier resulting from scattering with non-zero angular momentum (l > 0). More details on the atom-atom interaction, internal state and angular momentum quantum numbers will be given in the next section. The collision energy acts as a control parameter which allows the system to tune the cross section. A general feature of these resonances is that the resonant contribution to the scattering phase shift δ l changes rapidly from zero to π on an energy interval characterized by a width Γ around the resonance position E R :
Here E = 2 k 2 /2m with m the reduced mass a . When background scattering processes are ignored, this leads to the cross section 2) which is the famous Breit-Wigner formula. Note that for identical particles in the same internal state, these cross sections are a factor 2 larger. A potential resonance 1, 3 occurs in the absence of a barrier, and is therefore a purely s-wave phenomenon (l = 0). This resonance is a result of a bound or virtual state close to the collision threshold of a single-channel interaction potential, and is characterised by a scattering length a S which is much larger than the range of the interaction potential. Because of the single-channel nature of the interaction, this resonance is generally not easily tunable. In ultracold gases, the s-wave scattering length is an important quantity to characterize the binary interactions, and is related to the s-wave cross section of Eq. (1.2) via σ 0 = 4πa 2 S . For a Feshbach resonance, 3, 4 it is essential that more than one collision channel is present, and therefore it is quite different from the abovementioned resonances which are single-channel phenomena. In ultracold collisions these channels correspond to different spin configurations of the atomic pair, which give rise to tunable internal state energies via external (magnetic) fields. In essence the resonance is an interference of a background scattering processes in the incoming (energetically open) channel, with a resonant scattering process in an energetically closed channel. Therefore a transition must be made of the open channel to the closed channel, and the result is that a closed-channel bound state transforms into a longlived resonant state. This will be explained in detail in the next sections.
Feshbach resonances are in ultracold atomic physics mostly appreciated for the tuning possibilities of the scattering length via external magnetic fields. Here the Zeeman effect allows for relative changes in the internal state energies, and makes it possible to tune a closed-channel bound state a More commonly the reduced mass is indicated by µ, however, to avoid confusion with magnetic moments which are also indicated by µ, we use m instead.
in or out resonance. The characteristic dispersive shape of the scattering length is given by
Here is a bg the background scattering length, a result of the background collision in the open channel, B 0 is the field of resonance and ∆B the field range over which the scattering length changes sign. The treatment of this resonance phenomenon by Feshbach took place in nuclear physics, 5, 6 and the term Feshbach resonance only appeared in the context of quantum gases in 1976 as an enhanced loss mechanism, which should be avoided.
7,8
Later in 1993 it was found that Feshbach resonances can be used to change the sign and strength of the interatomic interactions, 8,9 something which was not realized before, and only five years later these tuning possibilities of Feshbach resonances where first observed in ultracold gases. 10, 11 The use of magnetic Feshbach resonances is now common practise in ultracold gases experiments. The possibility of a tunable scattering length in fermionic gases made it possible to explore the physics of the BCS-BEC crossover (see chapter 9). Tunable interactions also play a role in many other experiments, for instance in the study of Efimov three-body physics, where some observables of the system show log-periodic behavior in a S . Feshbach resonances also facilitate the creation of ground-state molecules starting from ultacold atoms.
12-14
A Fano resonance 15 is essentially equivalent to a Feshbach resonance, but the term Fano resonance is usually associated to the asymmetric lineshape of the cross section (in contrast to the symmetric Breit-Wigner resonance) as function of the energy. While the Feshbach resonance is usually associated to the magnetic field tuning of the scattering length, their origin is the same: it is a result of an interference between a background and a resonant scattering process.
In the following sections, we focus on the description of Feshbach resonances, and first start with a treatment of the underlying interatomic interactions, which are specifically tailored towards a system of homonuclear alkali-metal atoms. Then we introduce the concept of multi-channel scattering, and derive the coupled-channels radial Schrödinger equation. After that, we describe the projection operator formalism of Feshbach resonances which lead to analytic expressions for the scattering matrix which include physical parameters such as the background scattering length, the width and position of the resonance. Here a distinction is made between Fesh-bach resonances with and without resonant open channel scattering. The full treatment that allows for resonant open channel interactions requires the introduction of an additional bound or virtual state in the open channel. Finally some useful expressions are derived for the different types of resonances, relevant for ultracold scattering, such as the energy-dependent scattering phase shift, the scattering length and the effective range coefficient.
Atom-atom interactions
For a given external magnetic field, the effective two-body Hamiltonian takes the following form:
with the relative kinetic energy operator and single-particle interactions put together in 5) with m the reduced mass, and
the two-body interaction. The single-particle interactions in Eq. (1.5) describe the hyperfine and Zeeman energies of the individual atoms j = 1, 2, which are given explicitly by
where s j and i j are the electron and nuclear spin operators of atom j and the constant a hf j is related to the hyperfine splitting, and
where γ e and γ N are the electronic and nuclear gyromagnetic ratios, respectively. Note that the valence electron feels a small effect from the electrons in the inner shells, and γ e differs slightly from the gyromagnetic ratio of a free electron. The ratio between γ e and γ N is on the order of 10 3 . The magnetic field B is assumed to be constant over the range of the interaction, which is typically on the order of 50 − 100 a 0 for the alkali atoms, where a 0 ≈ 5.2917 × 10 −11 m is the Bohr radius.
At large separations, the interatomic interactions are negligible and the two-atom system can be described by tensor products of the single-atom eigenstates, which we call the asymptotic states. At zero magnetic field, the electronic and nuclear spin combine to an effective spin f = s + i and the single-atom hyperfine states can be labeled by |f m f ≡ |α . Although f is strictly speaking not a good quantum number at non-zero magnetic fields, it will be used to label the asymptotic (channel) states at all magnetic fields. The hyperfine and Zeeman interactions lead to the well known dependence of the energy ε α of the hyperfine states |α on the magnetic field, an example of which is given in Fig. 1.1 for 87 Rb. The first term of the two-body interaction in Eq. (1.6) describes the central interatomic interaction V cen , and represents all Coulomb interactions between the electrons and nuclei of both atoms. The central interaction does only depend on the distance between the nuclei r ≡ |r| and is invariant under rotations of the orbital system. As a consequence, the orbital angular momentum vector l is conserved and, choosing the direction of the magnetic field as the quantization axis, l and m l are good quantum num-bers. Simultaneously, the projection m F of the total spin F = S + I along this axis is conserved during the collision. As usual, S = s 1 + s 2 is the total electron spin and I = i 1 + i 2 is the total nuclear spin. In the presence of only the internal and central interactions this leads to the selection rules ∆m F = 0, ∆l = 0 and ∆m l =0.
The central interaction conserves the total spin F = S + I, as well as S and I separately and V cen can be decomposed into a singlet and triplet term 9) where P S and P T are the projection operators on the singlet (S = 0) and triplet (S = 1) subspaces. The asymptotic singlet and triplet potentials are given by 10) with the familiar dispersive form at long range
where C n are the van der Waals dispersion coefficients. The exchange potential is related to the symmetry of the electronic wave function and can be given by an analytic (asymptotic) expression 12) where α is related to the atomic ionization energy as −α 2 /2 and J is a normalization constant. Note that α and r are given in atomic units and are dimensionless. The ground-state potentials for rubidium are shown in Fig. 1.2 .
The second term in Eq. (1.6) describes the non-central anisotropic part of the interactions. It contains the direct dipole-dipole interaction of the electronic spins 17 and the second-order spin-orbit coupling. 8 The magnetic dipole moment of atom j is
with µ the electronic magnetic dipole moment and σ j the Pauli-spin vector of the valence electron of atom j. The direct spin-spin interaction then takes the form: where µ 0 is the magnetic constant. The second-order spin-orbit term has the same angular dependence, but a different r-dependent prefactor. The spin-spin interaction is rather weak and in many cases it can be neglected. However, in 87 Rb and 133 Cs the spin-spin interaction gives rise to Feshbach resonances by coupling l = 2 and even l = 4 (quasi-)bound states to the s-wave entrance channel, and these resonances have been observed experimentally.
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The angle-dependent structure of the spin-spin anisotropic interactions can be rewritten in terms of a scalar product of two irreducible spherical tensors of rank 2. Due to this nature, the anisotropic part of the interaction obeys triangle type selection rules and couples states with different orbital angular momentum according to the selection rule l − l = 0, 2, with the exception of l = 0 → l = 0 which is forbidden.
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In the presence of these anisotropic interactions, the two-atom system is not invariant under independent rotations of the orbital and spin systems and the projections m F and m l are not separately conserved. However, the anisotropic spin-spin interactions are invariant under simultaneous 3D rotations of the internuclear vector r and the spins. The total angular momentum is thus conserved. In the presence of a magnetic field, the Zeeman term breaks the rotational symmetry and introduces a cylindrical symmetry. Therefore, only the projection of the total angular momentum along the magnetic field axis will be conserved. Consequently, in the presence of a magnetic field the selection rule becomes ∆m tot = ∆(m F + m l ) = 0.
Coupled-channels equation
closed channel potential
Schematic representation of two coupled channels potentials. The asymptotic energy of the open channel potential, εα + ε β , and closed channel potential, ε α + ε β , are the sum of the single-particle internal energies in that particular channel. Two atoms always start a collision in an open channel, which means that the energy E is larger than the asymptotic energy of that channel. This asymptotic energy is referred to as the collision threshold, which in this example is given by ε thr = εα + ε β . At short distance transitions are allowed to an energetically closed channel, from which the atoms cannot escape. Also indicated are the highest bound state in the open channel with binding energy P , and several bound states in the closed channel potential where a particular one, with binding energy Q , is responsible for a Feshbach resonance.
One can think of a collision process dynamically, where at large distance two atoms, each prepared in some particular hyperfine state, start to approach each other due to an attractive potential (see Fig. 1.3) . At short distances other hyperfine states are coupled in by the interatomic interactions. The set of collision channels is defined by the asymptotic states of the binary system, i.e. by the hyperfine and angular momentum quantum numbers of the individual atoms that participate in the collision. Due to the Zeeman energy shift, the asymptotic energy ε α + ε β of the atoms and, as a result, also the interaction potentials vary as a function of the magnetic field. In those channels where the total energy E of the atoms is higher than the dissociation threshold, the atoms can escape to infinity and the channel is energetically open. In the channels where at large separations the atoms are below the dissociation threshold, only bound states can form and the channel is energetically closed. In Fig. 1.3 schematically only one open and one closed channel are shown.
In the interparticle separation, three different regimes can be distinguished. At long range, where the electron clouds of the atoms do not significantly overlap, the exchange interaction is negligible and the hyperfine interaction dominates. Here f 1 and f 2 are good quantum numbers. At short range the exchange interaction dominates, and S and I are good quantum numbers. In the region where the two interactions have the same order of magnitude, V ex ∼ V hf , the spin coupling changes over a few a 0 . The atoms are accelerated through this region by the dispersion interaction, and neither S and I nor f 1 and f 2 are good quantum numbers.
A rigorous way to calculate the wave function of the colliding particles is the coupled channels method. For identical atoms the channel states are defined as 15) with |α and |β the single-atom hyperfine states, where the subscripts indicate atom 1 or 2, and δ αβ is a Kronecker delta. For distinguishable atoms a direct product |α 1 |β 2 for the internal part is sufficient. The eigenstates of the angular part of the orbital motion |l, m l are in a spatial basis represented by spherical harmonics wavefunctions Y l,m l (r), with l and m l the relative orbital angular momentum quantum numbers. The identical particle channel states are (anti-)symmetrized under the exchange of atoms to account for their bosonic or fermionic behavior, and their orbital angular momentum quantization. Solutions |Ψ to the time-independent Schrödinger equation are expanded in terms of the channel states:
The sum over {αβ} is valid both for distinguishable and identical atoms, however, in the latter case it should be taken over different combinations of α and β only. When we substitute Eq.(1.16) into the Schrödinger equation and project onto each of the channel states, we find a set of coupled differential equations for the radial wave functions u lm l {αβ} (k αβ , r): (1.17) where the coupling matrix is defined by
The channel momentum corresponds to the kinetic energy in that channel in the usual way 19) and is positive real for open channels and positive imaginary for closed channels. Together with appropriate boundary conditions that specify the incoming and outgoing waves, the coupled channels equations Eq.(1.17) give a complete description of the scattering process. To obtain accurate results using the coupled channels method, in principle the interaction potential needs to be known over the full radial range. However, the short-range part of the potential for alkali atoms is often insufficiently known to get the required accuracy, compared to experimental results. The accumulated phase method allows one to replace the inner part of the potential by a simple boundary condition, more details about this procedure can be found for instance in Ref.
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Solutions to the coupled-channels scattering equations are usually found numerically by solving a system of coupled second-order linear differential equations. However, a formal solution to the time-independent Schrödinger equation is given by the Lippmann-Schwinger equation
where E ± = E ± iδ with δ approaching zero from positive values. The superscript + (-) indicates outgoing (incoming) spherical wave boundary conditions. The unscattered state |χ is a free solution to H 0 , which is essentially a sum over the components of the plane wave expansion solution of Eq. (1.17) with the two-body potential put to zero b . It should be noted that these solutions form a continuum, which are defined only above the collision threshold with kinetic energy 2 k 2 /2m = E − ε thr . In practice this threshold is the energy of the hyperfine states in which a system of atoms is prepared, and for a collision process this is referred to as the incoming channel. In the remainder of this chapter, we will assume that we only have one open channel, with threshold energy ε thr = ε α + ε β as in Fig. 1.3 , which as a result is also the outgoing channel. This means the binary interactions are always elastic, and derived quantities such as scattering amplitudes will be evaluated on the energy shell ("on-shell"). We also limit ourselves to swave interactions, and therefore we only need to consider the l = 0 spherical wave component of the plane wave expansion for the free solutions |χ .
The result of the collision by means of the Lippmann Schwinger solution is commonly expressed in T and S-matrices. The on-shell T -matrix
is related to the transition amplitude of the scattering process, and the on-shell S-matrix
These quantities are linked to each other by the relation
Note that in general the T and S operators can be evaluated also offshell. The open and closed channel nature is implicitly hidden in the above expressions, as a result of the implicit spin degrees of freedom. In the next section, we make this more explicit, and this will allow us to link the Feshbach resonance to a bound state in the closed channel.
Feshbach resonances
Feshbach resonances in two-body collisions are related to the coupling of different spin channels, and can be conveniently described withing the Feshbach projection formalism. [4] [5] [6] In this approach the total Hilbert space H describing the spatial and spin degrees of freedom is divided into two subspaces P and Q. In general P contains the open channels and Q the closed channels. The S and T matrices are separated in two parts accordingly. The P -part describes the direct interactions in the open-channel subspace, and the Q-part describes the effect of the coupling to the closed-channels. Usually the Q-part contains the resonances, and the P -part is assumed to be non-resonant. One can construct projection operators P and Q, which project onto the subspaces P and Q, respectively. The Schrödinger equation for the two-body collision can then be written as a set of coupled equations:
Here we use the notation |Ψ P ≡ P |Ψ , |Ψ Q ≡ Q|Ψ , H P P ≡ P HP , H P Q ≡ P HQ, H QP ≡ QHP , and H QQ ≡ QHQ. As already mentioned, we are only interested in scattering processes with only one open channel. The P -channel is then simultaneously the incoming and outgoing channel. We multiply Eq. (1.26) from the left with the resolvent 4 (or Green's)
where E + = E + iδ with δ approaching zero from positive values. Substituting the expression for |Ψ Q in Eq. (1.25), the problem in the P subspace is equivalent to solving the Schrödinger equation
where the effective Hamiltonian is given by
The first term in H eff describes the direct effect of the open-channel subspace P on the scattering process. The second term in the effective Hamiltonian describes the coupling of P space to Q space, propagation through Q space, and coupling back to P space again. The operator G QQ can be expanded in terms of the eigenstates of H QQ (for references see for instance chapter 3.2 of Ref. 4 and more generally the expansion of Green's operator in eigenstates in chapter 8 of Ref.
1 ). These eigenstates will generally have bound states |φ Q,n whose eigenvalues Q,n form a discrete spectrum, and continuum states |φ Q ( ) whose eigenvalues form a continuous spectrum. These states form an orthonormal set and have relations φ Q,n |φ Q,n = δ nn , φ Q,n |φ Q ( ) = 0, and φ Q ( )|φ Q ( ) = δ( − ), where δ( ) is the Dirac delta function. Then the expansion is given by
In practice, for ultracold collisions the energy E will be located just above the P-threshold and sufficiently far away from the Q-threshold, such that the contribution of the Q continuum states can be safely neglected. Moreover, the spacing between the bound states is such that typically only one bound state |φ Q contributes (see also Fig. 1.3) , and its eigenvalue Q is close to energy E. Then with the substitution of Eq. (1.29) and Eq. (1.30) into Eq. (1.28), the problem in the P subspace reduces to
Now we can formally solve the coupled problem by multiplying from the left with G P P (E + ) ≡ [E + − H P P ] −1 :
The scattering state |φ + P is a solution of the homogeneous part of Eq. (1.25), (E − H P P )|φ + P = 0, with outgoing spherical wave boundary conditions.
1
These scattering states are the equivalent of the continuum states in Q space and normalized in the same way φ + P (E)|φ + P (E ) = δ(E − E ) (defined only for E > ε thr ), and are connected to the unscattered states |χ(E) via the Lippmann-Schwinger equation (1.21) in P space:
Here V P P = P V P is the two-body interaction projected onto the P-channel subspace, and the unscattered states |χ in P space are identical to the free eigenstates of H 0 . By making use of the transition matrix due to scattering in the P subspace only T P = χ|T P |χ = χ|V P P |φ
we find the T-matrix for the total transition amplitude by multiplying Eq. (1.32) from the left with χ|V , together with relation Eq. (1.33) to be T = χ|V |Ψ
The transition amplitude is now clearly separated in a direct term T P , and a term which results from the coupling to the closed-channel subspace Q. 
With this, the T -matrix is expressed by
where the term
in the denominator is the complex energy shift, which will appear to be the energy difference between the bare bound state |φ Q and the dressed (quasi-)bound state of the total coupled system. From the total T -matrix, we can easily go to the total S-matrix by using relationship Eq. (1.24). The direct part of the elastic S-matrix S P = φ − P |φ + P , that describes the scattering process in P space only, is related in the same way to the direct elastic T -matrix: S P = 1 − 2πiT P . Since the incoming and outgoing spherical wave scattering solutions in P-space are simply related via φ − P | = S P φ + P |, we can write
The complex energy shift A(E) can be evaluated by expanding G P P in a complete set of eigenstates of H P P , similar to the expansion in closedchannel states of G QQ in Eq. (1.30) :
For the closed-channel expansion of G QQ , the scattering states could be safely neglected, but this is not the case for G P P , where the dominant contribution comes from these scattering states. Therefore A(E) is indeed a complex-valued energy shift, and can be written as
where ℘ refers to the principal value integral, shifts the closed-channel binding energy Q , and the imaginary part
adds a width to the resonance for E − ε thr > 0. Note that A(E) is purely real for energies below the P -threshold (i.e., E − ε thr < 0), and in this regime actually all channels are closed, which means that only bound state solutions can exist. The energy of these dressed bound states can be found by solving for the poles of the S matrix, which will be shown in the next section. With these definitions, the S-matrix can be written as
.
(1.43)
This expression, which includes systematically the coupling between open and closed channels, can be generally used to describe single-channel and multi-channel resonance phenomena. For instance, if the resonance position E R = Q + ∆ res (E) is assumed to be constant, and if background scattering in the open channel is negligible, the Breit-Wigner cross section Eq. (1.2) is obtained directly from the closed-channel contribution c . On the other hand, a potential resonance, in absence of closed channels, is described by S P only. For Feshbach resonance physics, all of Eq. (1.43) needs to be taken into account, in order to derive the magnetic field dependent scattering length Eq. (1.3) and the asymmetric Fano profile of the cross section.
If the background scattering in the open channel is non-resonant, i.e. there are no nearby bound states in the open channel potential, then ∆ res (E) in Eq.(1.43) can be assumed constant, and Γ(E) to be linearly dependent on k. This case of non-resonant background interactions is the most common way to describe Feshbach resonances, and will be worked out in the next section. However, if the P -channel has a low-energy potential resonance with a (nearly-)bound state (with P = − 2 κ 2 /2m) close to threshold, this approximation breaks down.
To circumvent the use of scattering states in (E + −H P P ) −1 of Eq.(1.40) in favor of expansion into a complete set of discrete states, we expand this propagator to Gamow resonance states, which leads to a Mittag-Leffler expansion
where n runs over all poles of the S P matrix. The Gamow state |Ω n is an eigenstate of H P P with eigenvalue P,n = 2 k 2 n /2m. Correspondingly, the dual state |Ω D n ≡ |Ω n * , is an eigenstate of H † P P with eigenvalue * P,n . These dual states form a biorthogonal set such that Ω D n |Ω n = δ nn . For bound-state poles k n = iκ n , where κ n > 0, Gamow states correspond to properly normalized bound states, while for κ n < 0 these states are unbound, and are also referred to as virtual or resonant states d . We assume the scattering in the open channel is dominated by a single bound or virtual state, which means that the S-matrix can be described by one simple pole k n = iκ in momentum space.
1 Since the S-matrix is unitary, we can write the direct scattering matrix in Eq. (1.43) as a product of a nonresonant scattering contribution described by an exponential, equivalent to hard-sphere scattering, and a unitary factor that accounts for a pole at k = iκ:
Here r 0 is the non-resonant contribution to the P -channel scattering length, which is on the order of the range of the interaction potential, given by the van der Waals range r vdW = (mC 6 /8 2 ) 1/4 . This non-resonant scattering length r 0 is not necessarily equal to the van der Waals range, since both the short-range part of the potential and all the other Gamow states have a residual effect on the non-resonant scattering behavior. The resonant contribution to the P -channel scattering length is directly related to the position of the pole, a P = 1/κ, and the corresponding binding energy P = − 2 /(2ma 2 P ). Note that Eq. (1.45) by itself is already valid for a singlechannel potential resonance description (see also next section).
Since we only consider the bound state pole κ with energy P in P space, as indicated in Fig. 1.3 , the Mittag-Leffler series Eq. (1.44) is reduced to only one term. Therefore, the complex energy shift Eq. (1.38) reduces to 
From this general treatment of the direct scattering process, which now allows also for resonant open channel collisions, we derive from the complex energy shift that the resonance shift is written as
and the corresponding width of the resonance as
(1.48)
Ultracold limit
For large interatomic separations, the two-body potential will be negligible, and therefore the asymptotic radial wave functions in Eq. (1.17) of the open channel take the form
Compared to the situation where two-body interactions are absent, these solutions are shifted by the scattering phase shift δ l (k) only. At low collision energies, s-wave scattering usually dominates and only the l = 0 part of the wave function survives. For identical fermions in the same spin-state, the l = 1 component dominates at low energy, since the wave function has to be anti-symmetric and s-wave scattering is forbidden.
In the remainder of this section, we consider s-wave collisions only, and therefore we extract the momentum-dependent s-wave scattering phase shift δ 0 (k) from the S-matrix expressions that we derived in the previous section. From Eq. (1.23) it follows 1 that S(k) = exp(2iδ 0 (k)). The scattering length a S and effective range parameter R e follow from an expansion up to second order in the wavenumber k of k cot δ 0 (k). This results in the well-known effective range expansion
For a band of energies around threshold, the value of a S is sufficient to describe the relevant collision physics, however, when R e is not small, this band of energies is rather narrow, and often one even has to go beyond the effective range expansion. This is particularly true in the presence of (narrow) resonances, and in the following we present more accurate descriptions of the energy-dependent phase shift that are based on the inclusion of the relevant resonance poles.
Potential resonance
The s-wave phase shift involving a potential resonance is typical for an open, single channel potential which has a bound or virtual state close to threshold. This behavior is captured by the S-matrix in Eq.(1.45), and from the argument of this complex-valued function we find
The corresponding scattering length is then given by
After expanding k cot δ 0 (k) to second order in k as in Eq. (1.50), and by eliminating a P via Eq. (1.52), the effective range coefficient can be written in factors of 1/a S as 
Since the difference between threshold energy ε thr and closed-channel bound state energy Q is approximately linear in magnetic field around the resonance, 17 we characterize this by δµ, the difference in magnetic moment between threshold and bound state. For zero collision energy, the system is exactly on resonance at field value B 0 , and this allows us to write the resonance energy as
Without open channel resonances, the energy width Γ(E) = 2π| φ Q |H QP |φ
2 is proportional to k in the limit for k ↓ 0, which is a consequence of the s-wave scattering state |φ + P (E) that is propertional to √ k, this scaling is also known as Wigner's threshold law. 1 Therefore we are allowed to write Γ(E) 2Ck, with C a constant that characterizes the coupling strength between P and Q. 17 The absence of openchannel resonances also allows us to write the direct part of the S matrix as S P (k) = exp[−2ika bg ], where the effect of open-channel interactions is captured by a background scattering length a bg . Then, after substitution of the above expressions in Eq. (1.43), the resulting expression for the S matrix is given by
The total scattering length derived from this S-matrix is then 
The effective range coefficient, again derived using Eq. (1.50) and written in factors of 1/a S , is given by
For narrow Feshbach resonances with non-resonant background interactions, the condition R * >> |a bg | is satisfied, and therefore close to resonance the effective range parameter is proportional to the resonance strength:
* .
(1.61)
Feshbach resonance including resonant open channel interactions
In the previous section, we also considered a more general description of Feshbach resonances that does allow for resonant states in the open channel. The result was a direct S P -matrix which essentially describes a potential resonance, but in addition the complex energy shift A(E) changes as well by the resonance in P space. This more rigorous treatment makes that the background scattering length a bg in the previous paragraph is replaced by two new length scales, which are the potential range r 0 and the resonant contribution to the open channel scattering length a P . By writing Eq. (1.46) as
we relate the coupling strength again to a resonance strength parameter R * = 2 | P |/(mAa P ) = 2 /(2mδµ∆Ba P ), which is now inversely proportional to a P (instead of a bg ). Now we substitute Eq. (1.63) and Eq. (1.45) in the S-matrix Eq. (1.43), and by making use of Eq. (1.55) with the identification ∆ res (ε thr ) = A/2| P |, we derive the total scattering length a S = r 0 + a P 1 − ∆B B − B 0 , (1.64) and the scattering phase shift which is given by δ 0 (k) = −kr 0 − arctan ka P − arg R * k 2 + 1 a S − r 0 − a P + ik 1 + ika P .
(1.65) From this phase shift we are able to extract the effective range coefficient, written in factors of 1/a S : We find that R e changes rapidly with a P , notably via R * ∼ a −3 P . Therefore control over the width of the Feshbach resonance can be achieved if one is able to tune the position of the resonant state in the open channel. This can for instance be achieved by applying strong electric fields.
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The poles of the total S matrix Eq. (1.43) now give rise to dressed bound states and dressed virtual states of the coupled system. For finding these poles, one has to solve the equation (k − iκ) (E − Q − A(E)) = 0 (1.67) for k, which, if worked out including the parameters that characterize the resonance, can be written as
(1 + ika P ) R * k 2 + 1 a S − r 0 − a P + ik = 0. This clearly indicates that exactly on resonance, the dressed bound state becomes degenerate with the collision threshold. The identification of Feshbach resonance positions with degenerate bound states makes it possible to analyse Feshbach spectroscopic data using discrete bound state models.
Conclusions
In this chapter, we discussed several scattering resonance phenomena in the context of ultracold gases. We discussed the different nature of singlechannel (shape and potential) resonances and multi-channel (Feshbach and Fano) resonances. The different contributions to the interparticle interaction have been discussed, and a treatment of the Feshbach resonance formalism has been given. This formalism has been generalized to account also for resonant background interactions, i.e. for systems where the background scattering length is much larger than the range of the interaction potentials.
